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Abstract: The modified first laws of thermodynamics at the black hole horizon
and the cosmological horizon of the Schwarzschild de Sitter black hole and the appar-
ent horizon of the Friedmann-Robertson-Walker cosmology are derived by the surface
tensions, respectively. The corresponding Smarr relations are obeyed. For the black
hole, the cosmological constant is first treated as a fixed constant, and then as a vari-
able associated to the pressure. The law at the apparent horizon takes the same form
as that at the cosmological horizon, but is different from that at the black hole hori-
zon. The positive temperatures guarantee the appearance of the worked terms in the
modified laws at the cosmological and apparent horizons. While they can disappear
at the black hole horizon.
1 Introduction
Einstein’s equations can be written as a thermodynamic identity. It was put forward
by Padmanabhan and first proved in the spherically symmetric spacetime where Ein-
stein’s equations near the horizon are in the form of the first law of thermodynamics
δE = TδS − PδV. (1)
In the above equation, E is the energy of the spacetime geometry, P is the pressure
provided by the source of the Einstein’s equations and δV is the change of the volume
[1, 2]. Subsequently, Sarkar and Kothawala found that this view is also applicable to
the spherically symmetric horizons of various theories of gravity and the tunneling
rate Γ ∼ e∆S is a natural consequence of the first law [3]. Near the evolving spherically
symmetric horizons and the stationary axisymmetric horizons, the laws were obtained
from the Einstein’s equations in the references [4, 5, 6]. Other researches on the
connection between horizon thermodynamics and gravitational dynamics are referred
to [7, 8, 9] and the references therein. All of these researches effectively support the
view of Padmanabhan. In the anti de Sitter spacetime, Kastor et al first treated the
cosmological constant as the pressure P = − Λ8pi and its conjugate quantity as the
thermodynamic volume, thereby the mass of an AdS black hole is interpreted as the
enthalpy of the spacetime [10]. Adopting this view, Kubiznak and Mann studied the
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thermodynamics of the charged AdS black hole in the extended phase space [11]. The
first law was gotten as
δM = TδS +ΦδQ+ V δP, (2)
which obeys the corresponding Smarr relation, where M is the black hole mass iden-
tified as the enthalpy. They found that the critical exponents of the black hole are
full in consistence with those of the Van der Waals system. This work is the further
elaboration of Dolan’s work where the critical behaviour of the AdS black holes in
the extended phase space was discussed and the analogy with the Van der Waals
was found [12]. Based this interesting work, the thermodynamics of various compli-
cate spacetimes were discussed and many significative critical phenomena were found
[13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30].
Recently, Hansen et al found that the radial Einstein equation at the horizon of
the Kerr black hole results in the modified first law of thermodynamics
δE = TδS +ΩδJ − σδA, (3)
where E is the Misner-Sharp mass, J = Ea is the horizon angular momentum, σ
denotes the surface tension at the horizon and A is the horizon area [31]. In this
equation, the horizon radius r+ and the rotation parameter a are two independent
variables, which is different from Eq. (1). Using the relation between the area and
the volume and ordering J = 0, one can reduce it to Eq. (1). However, the reduced
equation doesn’t obey the corresponding Small relation.
Our aim in this paper is to investigate the thermodynamics at the black hole
horizon and the cosmological horizon of the Schwarzschild de Sitter black hole and
at the apparent horizon of the Friedmann-Robertson-Walker (FRW) cosmology by
the surface tensions. The modified first laws of thermodynamics are gotten and obey
the corresponding Smarr relations. For a de Sitter black hole contains two horizons,
the temperatures are different at different horizons. Therefore, the nonequilibrium
state exists and it is difficult to discuss the thermodynamics. To overcome this diffi-
culty, several approaches were adopted. One approach is defining a mass-energy-like
quantity at infinity in asymptotically spacetimes [32, 33]. The second way is treating
the black hole horizon and the cosmological horizon as two independent thermody-
namical systems [34, 35, 36, 37, 38]. Besides, the global approach is the construction
of the globally effective temperature and other effective thermodynamic quantities
[39, 40]. Here we adopt the second way to investigate the thermodynamics. We first
let the cosmological constant be fixed and derive the modified first laws at the black
hole horizon and the cosmological horizon. Then treating the constant as a variable
associated to the pressure P = − Λ8pi , we get the laws in the extended phase spaces.
Considering the pure de Sitter spacetime is a special case of the FRW spacetime, we
formulate the extension to the FRW cosmology and obtain the modified first law at
the apparent horizon. The modified law at the apparent horizon has the same form
as that at the cosmological horizon. However, it is different from that at the black
hole horizon.
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The rest is organized as follows. In the next section, we derive the modified
first laws of thermodynamics at the black hole horizon by the surface tension. The
cosmological constant is treated as a fixed constant and a variable, respectively. In
section 3, the modified laws at the cosmological horizon are gotten. In section 4, the
modified law at the apparent horizon of the FRW cosmology are investigated. Section
5 is devoted to our discussion and conclusion.
2 Modified thermodynamics at the black hole horizon
The thermodynamics of the Schwarzschild de Sitter black hole were studied in [32,
33, 35, 39, 41]. The conserved quantities defined by integrals were introduced to
obtain the first law of thermodynamics. However, the problem of integration constant
exists. To overcome this problem, the Iyer-Wald formalism was adopted [39]. The
cosmological constant was seen as a fixed constant in the former discussions [32, 33,
41]. Subsequently, it was treated as an independent variable in [35, 39].
The Schwarzschild de Sitter black hole is given by
ds2 = −f(r)dt2 + 1
f(r)
dr2 + r2(dθ2 + sin2θdφ2), (4)
where f(r) = 1 − 2Mr − Λr
2
3 , Λ is the cosmological constant and M is the physical
mass. There are two positive roots and a negative root for f(r) = 0. Our discussion
is limited to the range 0 < 9ΛM < 1 which guarantees the existence of the black hole
horizon r+ and the cosmological horizon rC . We first investigate the thermodynamics
at the black hole horizon by the surface tension. The entropy and the temperature
at the black hole horizon are
S+ = pir
2
+, T+ =
f ′(r+)
4pi
=
1− Λr2+
4pir+
, (5)
respectively, where f ′(r+) =
∂f(r)
∂r |r=r+ . There are several definitions of mass. In
this paper, we adopt the definition of the Misner-Sharp mass. Using the definition
[42, 43, 44, 45], we get the Misner-Sharp mass surrounded by the black hole horizon
as
E+ =
r+
2
. (6)
To derive the surface tension and the thermodynamical identity, we first calculate
the radial Einstein equation at the black hole horizon and get
Grr |r+= 8piT rr |r+=
r+f
′(r+)− 1
r2+
. (7)
Solving the above equation yields
f ′(r+) = 8pir+T
r
r |r+ +
1
r+
. (8)
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Moving the first term on the right hand side (rhs) of the above equation to the left
hand side (lhs) and multiplying by δS+4pi on the both sides of the moved equation yield
f ′(r+)
4pi
δS+ − 2r+T rr |r+ δS+ =
δr+
2
. (9)
Here we have used the differential expression δS+ = 2pir+δr+ to derive the term on
rhs of Eq. (9). It is clearly that f
′(r+)
4pi is the value of the temperature at the black
hole horizon. So the first term on lhs is in of the form T+δS+. The term
1
2δr+ equals
δE and is identified as the change of the energy. 2r+T
r
r |r+ δS+ is written as σ+δA+
by using the relation between the entropy and the horizon area A+. Therefore, Eq.
(9) is written as
δE+ = T+δS+ − σ+δA+, (10)
which is the modified first law of thermodynamics at the black hole horizon and
σ+ =
1
2r+T
r
r |r+= −Λr+16pi denotes the surface tension. Clearly, the corresponding
Smarr relation
E+ = 2(T+S+ − σ+A+) (11)
is obeyed by using the expressions of T+, S+, σ+ and A+. The Gibbs free energy at
the horizon in the de Sitter spacetime is
G+ = E+ − T+S+ + σ+A+, (12)
which obeys differential expression δG+ = −S+δT++A+δσ+. After a simple calcula-
tion, the energy is gotten as G+ =
r+
4 . When Eq. (10) is reduced to δE+ = T+eδS+
by the relation between the entropy and the area, T+e = T+ − 4σ+ = 14pir+ expresses
the effective temperature at the black hole horizon.
Taking into account the cosmological constant as a variable associated to the
pressure in the recent work, we make further to explore the thermodynamics and
write Eq. (10) as
δE+ = T+δS+ − P+δV+, (13)
by using the relation between the area σ+ and the volume V+, where P+ =
2σ+
r+
= − Λ8pi
expresses the pressure at the horizon. Eq. (13) can be furthermore written as
δE0+ = T+δS+ + V+δP+, (14)
where E0+ = E+ + P+V+ =M . The corresponding Smarr relation E0+ = 2(T+S+ −
P+V+) is also satisfied when the related expressions are introduced. Therefore, Eq.
(14) is the first law of thermodynamics at the black hole horizon in the extended
phase space. So both of Eq. (10) and Eq. (14)) are the first law at the black hole
horizon.
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3 Modified thermodynamics at the cosmological horizon
In this section, we investigate the thermodynamics at the cosmological horizon of
the Schwarzschild de Sitter black hole by the surface tension. A parallel process as
the section 2 is performed. The temperature at this horizon is lower than that at
the black hole horizon. The energy of a positive mass at the cosmological horizon is
measured as a negative value. The entropy and the temperature at the cosmological
horizon are
SC = pir
2
C , TC =
| f ′(rC) |
4pi
= −f
′(rC)
4pi
, (15)
respectively, where f ′(rC) =
∂f(r)
∂r |r=rC=
1−Λr2
C
rC
< 0. The Misner-Sharp mass sur-
rounded by the cosmological horizon is gotten as
MC =
rC
2
. (16)
To investigate the surface tension and the modified horizon thermodynamics, we
first calculate the radial Einstein equation at the cosmological horizon and get
Grr |rC= 8piT rr |rC=
rCf
′(rC)− 1
r2C
, (17)
which yields
f ′(rC) = 8pirCT
r
r |rC +
1
rC
. (18)
Multiplying by − δSC4pi on the both sides of the above equation and moving the first
term of rhs to lhs, we obtain
− f
′(rC)
4pi
δSC + 2rCT
r
r |rC δSC = −
δrC
2
, (19)
where − f ′(rC)4pi is the temperature at the cosmological horizon and the first term on lhs
can be written as TCdSC . The differential expression δSC = 2pirCδrC is introduced to
derive the term on rhs of Eq. (19). δMC =
1
2δrC expresses the change of the Misner-
Sharp mass at the cosmological horizon. We identify the negative Misner-Sharp mass
as the energy EC and then obtain δEC = − δrC2 which shows the change of energy
is related to that of the horizon location [1]. The second term 2rCT
r
r |rC δSC is
written in the form of σCδAC by the relation between the entropy and the horizon
area, where σC =
1
2rCT
r
r |rC= −ΛrC16pi . The inner of a black hole horizon is defined as
an inaccessible region surrounded by the horizon. The horizon area increases when
a particle is absorbed by the black hole, and then the change of the horizon area is
positive (δA+ > 0). While the outer of the cosmological horizon is an inaccessible
region. When a particle enter the cosmology, the volume increases with the increase
of the horizon area and radius. Thus, Eq. (19) is rewritten as
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δEC = TCδSC + σCδAC , (20)
which is the modified first law of thermodynamics at the cosmological horizon and σ
is the surface tension. The corresponding Smarr relation
EC = 2(TCSC + σCAC) (21)
is obeyed. The Gibbs free energy at this horizon is
GC = EC − TCSC − σCAC . (22)
Using the related expressions, we get GC = − rC4 . The differential expression δGC =
−SCδTC − ACδσC is also satisfied. From the relation between the entropy and the
area, Eq. (20) can be written as δEC = TCeδSC which shows that the change of the
energy is completely caused by absorbing (or releasing) heat. TCe = TC + 4σC =
− 14pirC denotes the effective temperature. However, this process is not allowed due
to the appearance of the negative temperature. When the energy changes, both of
the following phenomena happen simultaneously, namely, the system is doing work to
the external world and the heat is absorbed or released. Therefore, the worked term
σCδAC must exist in the first law at the cosmological horizon.
Now we treat the cosmological constant as the pressure and reconsider the ther-
modynamics. Using the relation between the area σC and the volume VC , we write
Eq. (20) as
δEC = TCδSC + PCδVC , (23)
where PC = − Λ8pi denotes the pressure at the cosmological horizon. Eq. (23) can be
furthermore written as
δE0C = TCδSC − VCδPC , (24)
where E0C = EC −PCVC = −M . This formula is the first law of thermodynamics in
the extended phase space. The corresponding Smarr relation E0C = 2(TCSC+PCVC)
is also satisfied. Therefore, both of the formulae (20) and (24) are the modified first
laws of thermodynamics at the cosmological horizon.
4 Modified thermodynamics at the apparent horizon of
the FRW cosmology
The modified thermodynamics at the apparent horizon of the FRW cosmology is de-
rived by the surface tension in this section. The thermodynamics were studied in
[46, 47, 48, 50, 51]. In [46], Cai and Kim derived the Friedmann equations describing
the dynamics of the cosmology with any spatial curvature from the first law of ther-
modynamics at the apparent horizon and the Bekenstein area-entropy formula. The
law is expressed as −dE = TdS, where dE is related to the Misner-Sharp mass and
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expresses the energy crossing the apparent horizon during an infinitesimal time inter-
val. On the other hand, from the Friedmann equation, the first law at the apparent
horizon was gotten in [47].
The FRW metric is given by
ds2 = −dt2 + a2(t)
(
dr20
1− kr20
+ r20dΩ
2
2
)
, (25)
where r0 is the comoving coordinate and a is the scale factor. dΩ
2
2 expresses the
2-dimensional sphere with unit radius. k = 1, 0 and −1 corresponds to a closed, flat
and open cosmology, respectively. Define r = ar0, the metric (25) becomes
ds2 = − 1− r
2/r2A
1− kr2/a2 dt
2 − 2Hr
1− kr2/a2 dtdr +
1
1− kr2/a2 dr
2 + r2dΩ22. (26)
In the above equation, rA =
1√
H2+k/a2
is the location of the apparent horizon and
H = a˙a is the Hubble parameter. When k = 0, the apparent horizon is just the Hubble
horizon. In the section 2, the metric (4) describes the pure de Sitter spacetime when
M = 0. If we perform the transformation dt˜ = dt+ Hr
1−kr2/a2
dr on the metric (26) and
let k = 0 and rA = H
−1 =
√
3
Λ , the metric (26) is reduced to the pure de Sitter metric.
Therefore, the pure de Sitter spacetime is a special case of the FRW cosmology and
there may exist some similar properties for them.
For convenience of calculation, we order F (r) =
1−r2/r2
A
1−kr2/a2 , Y (r) =
2Hr
1−kr2/a2 and
G(r) = 1− kr2/a2. The temperature and the entropy at the apparent horizon are
T =
1
2pirA
, S =
A
4
= pir2A, (27)
respectively [48]. The Misner-Sharp mass in the apparent horizon is gotten as M =
1
2rA [42, 49, 50, 51]. To discuss the thermodynamics, we first calculate the radial
Einstein’s equation at the apparent horizon. It is gotten as
Grr |rA= 8piT rr |rA=
4F ′(rA)− Y 2(rA)
r2AY
2(rA)
. (28)
Although the temperature has been expressed in Eq. (27), it isn’t convenient for us
to discuss the thermodynamics. We write the temperature in the following form
T = −
√
G(rA)F
′(rA)
2piY (rA)
. (29)
From Eqs. (28) and (29), the temperature is solved as
T = −
√
G(rA)Y (rA)
8pirA
(
8pir2AT
r
r |rA +1
)
. (30)
Multiplying by δS on the both sides of the above equation yields
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TδS = −2rAT rr |rA δS −
1
2
δrA. (31)
Move the first term on rhs to lrs. Identifying the energy as the negative Misner-Sharp
mass yields δE = −12δrA. Using the relation between the entropy and the horizon
area, we get the modified first law of thermodynamics at the apparent horizon as
δE = TδS + σδA, (32)
where σ = 12rAT
r
r |rA= − 316pirA denotes the surface tension at the apparent horizon.
This formula is full in consistence with that derived in Eq. (20) and shows the sim-
ilarity between the de Sitter spacetime and the FRW cosmology. The corresponding
Small relation
E = 2(TS + σA), (33)
is obeyed. If Eq. (32) is written as δE = TeδS, Te = − 14pirA denotes the effective
temperature at the apparent horizon. The negative temperature appears and isn’t
allowed here. Therefore, when the heat flux produces at the horizon, the system is
doing work on the the surroundings. The worked term exists in the first law at the
apparent horizon.
We make further to explore the thermodynamics of the FRW cosmology. Replac-
ing the area A with the volume V in Eq. (32), we get
δE = TδS + PδV, (34)
where P = 2σrA = −
3
8pir2
A
is the pressure at the apparent horizon. Now the correspond-
ing Smarr relation isn’t satisfied.
5 Discussion and Conclusion
When M = 0, the Schwarzschild de Sitter black hole is reduced to the pure de Sitter
spacetime which is the special case of the FRW spacetime. Therefore, the modified
first laws of the de Sitter peacetime also satisfy Eqs. (20) and (24). In the FRW
spacetime, if the apparent horizon radius rA is treated as a variable associated to the
pressure P = − 3
8pir2
A
, the modified law (34) can be further written as δE0 = TδS −
V δP , where E0 = 0. The corresponding Smarr relation is satisfied. Furthermore, the
laws (10), (20) and (32) can be written as a relation δE = δQ+δW , where δE express
the change of the energy of the system, δQ = TδS denotes the change of heat and
δW is a worked term. At the black hole horizon, the worked term in the modified law
can disappear. While at the cosmological and apparent horizons, the worked terms
must exist.
In this paper, we derived the modified first laws of thermodynamics at the black
hole horizon and the cosmological horizon of the Schwarzschild de Sitter black hole
and the apparent horizon of the FRW cosmology by the surface tensions, respectively.
In the black hole, the black hole horizon and the cosmological horizon were seen as
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two independent thermodynamical systems. The modified laws (10) and (20) were
gotten when the cosmological constant was fixed. When the constant was seen as a
variable associated to the pressure, we obtained the first laws (14) and (24) in the
extended phase spaces. The law at the the apparent horizon of the FRW spacetime
takes on the same form as that at the cosmological horizon, but is different from that
at the black hole horizon.
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